I. INTRODUCTION
T HE FINITE Integration Method [1] , [2] is a consistent discretization scheme which maps Maxwell's equations in integral form into a set of sparse matrix equations, the so-called Maxwell-Grid-Equations (MGE), defined on a dual grid-doublet :
where and denote component vectors of the electric and magnetic grid voltages and and vectors of the electric and magnetic facet fluxes. The rotation matrices and the divergence matrices contain information about grid incidence relations of and . The key properties of consistency and stability of the FI method arise from the duality of the cell complex with and the discrete identities . The approximation of this method is contained in the discrete constitutive material equations (2) featuring the so-called material matrices:
for the permittivities, for the conductivities and for the reluctivities, whereas and arise from permanent electric and magnetic polarizations. Recent research showed the close connection of the FI method, which is already established for more than 20 years, to the differential geometrical description of the Maxwell's equations using differential forms, where the construction of the material equations (2) corresponds to the construction of a discrete Hodge operator [3] . Recently, time domain formulations based on the FI method have been introduced, which allow to calculate transient magneto-quasistatic problems [4] , [5] . Within these so-called Finite-Difference-Implicit-Time-Domain (FDiTD) formulations a differential-algebraic system of equations (DAE) of Index 1 is solved using implicit time integration schemes. One such formulation is given by (3) where is the vector of the line integrals of a modified vector potential along the cell edges of and is the vector of the source coil currents. The vector of magnetic facet fluxes and the eddy currents can thus be evaluated with (4) The solution of the related large sparse symmetric linear systems of equations is performed by a Preconditioned Conjugate Gradient (PCG) method using its weak gauging property [4] . Nonlinear ferromagnetic material behavior can be simulated using iterative Successive-Approximation-techniques [6] or a Newton-Raphson-scheme [7] .
The calculation of eddy currents induced by the unidirectional motion of conducting media inside a magnetic field (as e.g. in the design of linear eddy current railway brakes) requires additional modeling. The paper presents two suitable extensions of FDiTD formulations corresponding to a moving-coordinate system formulation and to a fixed-coordinate formulation, respectively. The moving-coordinate formulation is suited for simulations with high conductor velocities and avoids the intrinsic numerical stability problems of the fixed-coordinate formulation.
II. FORMULATIONS FOR MOVING CONDUCTORS
In this paper the following geometrical restrictions on the moving conductive medium are assumed:
• The moving conductor under consideration is infinitely long, has a constant conductivity and an invariant cross section in the direction of motion.
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• No sliding contacts are considered, since they require special treatment of the gauging conditions at the contact surfaces [9] . • Only topologically regular tensor product grids will be considered.
A. Moving Coordinate Formulation
In earlier publications on the subject of eddy current problems with quasistationary motions of conducting media it was shown, that there exists freedom in the choice of the reference frame (cf. [8] , [9] , [10] ). In the moving-coordinate formulation corresponding to a Lagrangian coordinate description of the problem, the velocity of the coordinate system is assumed to be identical to the velocity of the conductor in motion.
In the moving-coordinate formulation the time derivative can be discretized with an implicit -method time integration scheme [5] such as the first order backward differentiation formula (BDF1) (5) where the operator projects the line integrals of the modified vector potential inside the moving conductor to an upwind position in the grid, which has moved during the time step by a distance :
The related interpolation process of the line integrals of the modified vector potential along the edges of , i.e., the components of the vector , is depicted in Fig. 1 for a 1D situation and extends analogously to the case of a 3D regular tensor product grid. For the special case, where the length of the grid cell edges is uniform in the direction of motion and where , the interpolation operator reduces to a simple mapping of the line integral values to the grid edges in the upwind position.
A similar approach used in the framework of an edge-finite element formulation is described in [11] . Using ansatz (5) in an implicit DAE time integration schemes such as Gear's backward differentiation scheme BDF1 or BDF2 [12] retains the symmetry of the system matrices and allows to use standard PCG-methods for the algebraic systems of equations.
B. Fixed Coordinate Formulation
The application of a Galilean transformation for nonrelativistic velocities yields a fixed-coordinate system formulation, where the reference frame is tied to the nonmoving parts of the system corresponding to an Eulerian coordinate description [8] . In this case either the excitation current coil has to move in the calculation domain, or, for a moving conductor a term has to be taken into account in Ohm's law [13] .
The resulting formulation using the matrix notation of the Finite Integration method is given by (7) with a discretization of the in the matrix
Here is a grid operator interpolating facet-flux vector components to averaged magnetic flux densities The matrix evaluates the expressions and thus yields averaged electric field intensities. The matrix depends only on and the grid topology of and is skew-symmetric. Thus, it has purely imaginary conjugate complex pairs of eigenvalues alone and reversing the direction of will not result in a change of the spectrum of the convective term . Left application of the diagonal matrix containing the lengths of the cell edges of results in a vector of grid voltages which is then multiplied with the material matrix of conductivities to obtain the grid vector of the motion induced currents (cf. Fig. 2 ).
Using the implicit DAE time integration backward differentiation schemes BDF1 or BDF2 of Gear [12] , the convection current term adds a nonsymmetric part to the matrix of the resulting algebraic systems. This convection term scales with the velocity and is known to cause numerical instabilities in fixed-coordinate formulations if it becomes dominant with respect to the symmetric part of the system matrix. This is typically the case if the Peclet number is larger than one, where is the maximum grid edge length in the direction of motion [10] .
The solution of the large, sparse asymmetric systems of equations requires the usage of generalized preconditioned CG-type methods e.g. CGS, TFQMR or a reliable update variant of BiCGstab( ) [14] . These transpose-free solution methods for e with the length of L yields a grid voltage e e e , for which the discrete constitutive law yields the current j through the facetÃ 2G within the moving conductor. the linear systems require at least two matrix-vector-multiplications per iteration, whereas standard PCG-methods for symmetric systems require only a single one per iteration. In addition, they may fail to converge at all for highly convective, i.e., asymmetric, situations.
III. NUMERICAL RESULTS
The following results from an analyzing model were presented in [10] for a finite element formulation using edgeelements and are taken as reference for the results of the extended FDiTD-formulations presented above. The model configuration consists of a conductive brick ( S/m) moving between two magnetic poles ( ) (Fig. 5 ) at a velocity m/s along the -axis. The conductor is set in motion abruptly at
The transient electromagnetic fields excited by the current coils (10 A DC), which are at a steady state at are monitored at ms. Fig. 6 shows the -and -components of the flux density ( mm, mm, ms) in comparison to the results in [10] . For the comparison of the FDiTD method the periodic boundary condition used for the FEM solution was imposed by repetition of the pole structure in the -direction. Tests with different numbers of poles have shown no significant influence on the solutions. The same flux-density components arising from two FDiTD simulations with a moving coordinate formulation (3) using (5) and the fixed coordinate formulation (7) are given in Fig. 7 and show good agreement.
Another example is given for a thin moving plate under an AC current coil at 50 Hz described in [15] with a thickness changed to 0.1 m and the assumption to be infinitely long in the direction of motion. (Fig. 9) (a) (b) Fig. 4 . Spectra of the singular algebraic BDF1 system matrix arising from a nongauged moving-coordinate formulation (a) and a nonsymmetric fixed-coordinate formulation (b) for the problem in Fig. 3 . The asymmetric matrix features conjugate complex eigenvalue pairs. Fig. 5 . Model of the moving conductor plate between two poles as described in [10] .
Here, a sinusoidal current excitation of 50 Hz with a transient ramp phase of one period is simulated with a number of 60 BDF1 time steps over 3 time periods. The discretization of the structure yields a Peclet number at a velocity m/s, i.e., shown in Fig. 10(b) , features spurious oscillations.
IV. CONCLUSION
In this paper numerical formulations for transient eddy current calculations with moving conductors based on the FI method were presented. The fixed-coordinate formulation results in an asymmetric discrete formulation, whereas the moving-coordinate formulation is suitable for situations with high Peclet numbers, where the symmetry of the linear systems is retained. Numerical results for both different schemes were presented for two different moving plate situations in good agreement with a reference solution or each other.
